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ABSTRACT
In this paper we prove a fixed point theorem for A -generalized contractions and obtain its consequences.
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l. INTRODUCTION
In this paper we prove a fixed pint theorem for A -generalized contractions and obtain its consequences. Also
we define (&, A) -uniformly locally generalized contractions and prove a fixed point theorem for such

contractions in the present paper.Fixed point theorems were established for self maps of metric spaces. Certain
fixed point theorems were proved for self maps of metrizable topological spaces also since such spaces, for all
practical purposes, can be considered as metric spaces.

Recently in Dhage [1] has initiated a study of general metric spaces called D-metric spaces. Later several
researchers have made a significant contribution to the fixed point theorems of D-metric In a different way R.
Kannan [2] has defined a contraction for metric spaces which we shall call a K-contraction. Analogously we
define the K-contractions for D*-metric spaces. As a probable modification of D-metric spaces, very recently,
Shaban Sedghi, Nabi Shobe and Haiyun Zhou [3] have introduced D*-metric spaces.

Il.  PRELIMINARIES
Definition 2.1: Let X be a non-empty set. A function D*: X*® — [0, 00) is said to be a generalized metric

or D*-metric on X, if it satisfies the following conditions:
@) D*(x,y,2) >0 forall X,y,ze X

iy D*(X,y,z)=0ifandonlyif x=y =2

iy D*(x,y,2)=D*(o(X,Y,2)) forall X,y,ze X,

where o (X, Y,2) isa permutation of the set {X, Y, Z}

vy, D*(X,y,z2)<D*(x,y,w)+D*(w,z,2) forall X,y,z,we X .

The pair (X, D*), where D* is a generalized metric on X is called a D*-metric space or a generalized metric
space.

Definition 2.2: A selfmap f of a D*-metric space (X, D*) is called a K-contraction, if there is a q with
1
0<g< > such that

D*(fx, fy, fz) < g.max{D*(x, fx, fx) + D*(y, fy, fy)}
forall X,y € X
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The notions of contraction and K-contraction are independent. In this thesis we define a special type of
contractions called A -generalized contractions for D*-metric spaces as follows:

Definition 2.3: A selfmap f of a D*-metric space (X, D*) is called a A -generalized contraction, if for every
X,y € X , there exist non-negative numbers g, r,s and t (all depending on x and y) such that

Sup
X,yeX
D*(fx, fy, fz) <q.D*(X,y,y) + r.D*(x, fx, fX) +s.D*(y, fy, fy)
t{D*(x, fy, fy) + D*(y, fx, fx)}

{g+r+s+2t}=1<1and

forall X,y € X

1. MAIN RESULT
Theorem 3.1: suppose f is a selfmap of a D*-metric space (X, D*) and X be f-orbitally complete. If f isa A -
generalized contraction, then it has a unique fixed point U € X . In fact,

lim |
(3.1.1) u= f"X forany xe X
nN— oo

and
n

(3.12) D*(f"x,u,u) < 1/1

7 D * (X, fx, fx) forall xe X and n>1.

Proof: xe X be arbitrary and define the sequence {Xn} by
X=X, X = X, X, = X = f°%X,..., X, = fx_, = f"X,.... Note that the orbit of x under f,
O,(x:0)={x,:n=0,1,23,...}

Consider,
D*(X,,X,.;,X,,,)=D*(fx_,, fx_, )

n?! n+l? Mn+l

< (X X ) D*(Xys X0 X )+ 1 (Xogs X, ) D* (X, Xy, X4)
+5(Xyq0 X, ) D*(X,, fX,, X))

+t (X1 X ) D* (X 10 o X)) +D*(X,, Xy, %))

n-11!"*n

< Q(Xygs Xy ) D*(Xgs Xs X )1 (X X, ) D* (X g X0 X))

n-1' *n?* “n

+5 (X g0 Xy ) D*( X, ) Xo10 Xy )

n? *n+lt n+l

1 (Xg X ){D* (Xog Xt Xt ) D * (%00 %, %, )|

n-1'"n n-1' ““n+1? n+l n?“n?n

Writing qn—l = q(xn—l1 Xn )’ r‘n—l = r‘(Xn—17 Xn )' Sn—l = S(Xn—l’ Xn) and tn—1 = t(Xn—17 Xn )’ we get
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D*(XH’XFH—l’ n+1) qn 1D*( nl' n’Xn) rn—lD*(Xn—l’Xn’Xn)

s, ,D*(x Xpo ) F 14 D*(Xo 10 Xpuas X1 )

n’ n+l’ n+1 n-17 *n+l? n+l

+D*(X,, %, X,) |

n!*n?!n

—(qn—1+rn—1)D*( n—l’Xn'Xn) D*( n’ n+1’Xn+1)

{ D*( -1 n+1’Xn+l) }
—(qn—l n—l)D*( —l’Xn'Xn) D*( n’ n+1’Xn+1)

+t  D*(X, %, X, )+t D*(X, X)Xy )

nl’ n?!“n n!*n+l? M+l

S (qnfl + rn—l + tn—l)D *(anl’ Xn ! Xn )+ (Sn—l +t )D *( n ! n+l’ Xn+1)

which implies that
(l_sn—l t )D*( n’ n+1’Xn+1)£(qn l n 1+tn—1)D*(Xn—l’Xn’Xn)

And hence
(qn—l + rn—l +tn—l)

D* < D*
(Xn ' Xn+1’ Xn+l) (l— Sn71 _tn,l) (Xn—l’ Xn 1 Xn )
SMD*(Xn—l’Xn'Xn)
(1_ sn—1 _tn—l)
That is,
Sup
D*(X,, X,1y) X1 ) S A D*(X,;, X, , X, ), where A = {g+r+s+2t}
X,yeX

Thus by iteration, we get

D* (X Ky X )< 27 D (i) = 2 D (o, B ) ===

n? n+l? n+1

Therefore

D*(X,, X010 X0 ) SD* (X Xo1s X1 )+ D* (X010 X100 X )

n!'n+p? tn+p n? *n+l? n+l n+l? *n+2 7 *n+2

+D* (X100 X3 Xa )+ - - o FD*(X0, 010 X000 X0 )

n+2’ n+3? *n+3 n+p-1* “*n+p? Tn+p
n n+l
< A" D* (X, Xy, X, )+ A" D*(Xg, %, %)

+ A2 DX (Xg, X, X )+ o AP DF(Xg, %, %)
<+ ) D (%%, %)
ln
=1—ﬂ, D*(XO,Xl,Xl) """"""""" (B)
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A" . .

Hence D*(Xn,xn+p,xn+p)£ = D*(X,,%,%)—>0 as N>, since 0<A<1. Thus {X,} is a

1-4
sequence in O (X : OO) and since X is f-orbitally complete, there exists U € X such that

lim lim lim
u= X, = f'x, = f"x
n— oo n— oo n— oo

To show that u is a fixed point of f, first we prove

lim
D*(fu, fx,, fx,)=0.Since f is A -generalized contraction, we have
n— o

D*( fu, fx,, fx,) <a(u,x,)D*(u, x,, X, )+r(u,x,)D*(u, fu, fu)
+5(u, %, ) D*(x,, fx,, fx,)+t(u,x, ){D*(u, fx,, fx,)

+D*(x,, fu, fu)}

That is,
D*( fu, fx,, fx,) <a(u,x,) D*(u,x,, X, )+r(u,x,)D*(u, fu, fu)

+5 (U X ) D* (X0 Xoug Xy )+ (U X ) {D* (U, X0 X,y )

+D*(x,, fu, fu)}

<q(u, %, )D*(u, X, X, )+ r(u, X, )D*(U, X,.1, X,y )
+r(u,x, )D*(xX,,,, fu, fu)+s(u,x, )D*(X,, X1, X1 )
+ (U, X, )D* (U X gy Xy )+ (U, X )D* (X4 Xy s Xy )
+t(u, x, )D*(x,.,, fu, fu)
< (U, X, ) D* (U, X, %, )+ {1 (U, %)+ (U, %, ) D* (U, X0 X0 )

+{r(u,x, ) +t(u, %, )} D*(X,.,, fu, fu)

+{s (U X )+ (U, %, ) D*(Xy Xy g0 Xy )
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SAD*(U,%,, X, )+ AD* (U, X1 Xyt )

' n1 n 1+ o+l

+AD* (X,
That is,
(1-2)D*(fu, fx,, f%,) < A{D*(U, X, X, )+ D*(U, X, 10 X0y )

' n '+l T+l

fu, fu)+ AD* (X, X1 X1 )

n?! n+lr o+l

+D*(X,, X0 X )}

n? n+l? n+l

Therefore

D*(fu, fx,, fx,) < {D*(u Xy Xy )+ D* (U, X100 X001 )

' nr n 1+l Pn+l

A
(1-2

+D*(Xn ' Xn+1' Xn+1)}
lim
Which implies that D*(fu, fx,, fx,)=0, and hence
n—o
lim lim
fu= fx, = Xn.1 = U, showing u is a fixed point of f.
n— o n— o

To prove that f has unique fixed point, suppose that X, = X,and fy, =Y, for some X,, Y, € X . Then by

the definition of A -generalized contraction, it follows that

D*(Xy, Yo, Yo) = D*(fx,, Ty, fy,)
<AD*(Xq, Y. Yo )+ rD*(Xq, X, X, )+ SD*(yy, fyy, fy,)

+H{D*(X,, fy,, fyo)+aD*(yo, fX,, X, )}

=aD* (X5, Yo» Yo ) + FD*(Xg: % %) +SD* (V51 Yo Yo)

+t{D*(XO,yo,y0)+qD*(yO’Xo1Xo)}
Z(q+2t)D*(Xo’y0vyo)
< AD*(Xq, Yo» Yo )
This implies that D*(Xo,yo,yo):O, since A <1, and hence X, =Y,. Thus f has unique fixed
lim

point.Since x is arbitrary in the above discussion, it follows that U = f"X for any X € X and hence
nN— o
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(2.2.2) is proved. Finally, since D*(xn,xwp,xmp):li 7 D*(X, fX, fX) (by (B)), on letting p —> oo,

we get
n

D* (X, fx, fX), proving (2.2.3). This completes the proof of theorem.

D*(xn,u,u)zl/1

3.2.Corollary: Suppose f is a selfmap of a D*-metric space (X, D*) and X is f-orbitally complete. If f is a
contraction of (X, D*), then it has a unique fixed point U € X . In fact,

lim |
(3.21) U= f"X forany xe X
n— oo
and

n

(3.22) D*(f"x,u,u) <

1 ﬂD*(x, fx, fX) forall Xe X and n>1.

Proof: In view of the fact that, every contraction is A -generalized contraction, Corollary follows from
Theorem 3.1.

3.3.Remark: The Banach contraction principle is a particular case of Corollary 3.2.In fact, if (X, d) is a
complete metric space, then by Corollary 1.10.2, (X , Dl*) is a complete D*-metric space and hence f-orbitally

complete for any selfmap f of X. Also if f is a contraction of (X, d), then the condition of contraction can
written as

Dl*( fx, fy, fy)S q.Dl*(X, 2 y) forall X,y e X,
since Dl*(X, Y, y): d(X, y); so that f is a contraction on (X : Dl*) Thus f is a contraction on the f-

orbitally complete D*-metric space (X, Dl*) and hence the conclusions of Corollary 2.2.4 hold for f; which
are the conclusions of the Banach contraction principle.

3.4.Corollary: Suppose f is a selfmap of a D*-metric space (X, D*) and X is f-orbitally complete. If f is a K-
contraction of (X, D*) with constant q, then it has a unique fixed point U € X . In fact,
lim
(3.4.1) u= f"X forany Xxe X
n— oo

and
n

29
342) D*(f"x,u,u)<
(3.4.2) ( ) 1-2q

Proof: In view of the fact that, every K-contraction is A -generalized contraction, Corollary follows from
Theorem 2.2.1 by taking 4 = 2(.

D *(x, fx, fx) forall xe X and n>1.

Remark: Kannan’s result is particular case of the Corollary 3.2.In fact, if (X, d) is a complete metric space,

then by Corollary 3.3, (X , Dl*) is a complete D*-metric space and hence f-orbitally complete for any selfmap f

of X. Also if f isa K-contraction, with constant ¢, of (X, d), then the condition of K-contraction can be written
as

D,*(fx, fy, fy) <q{D,*(x, fx, i)+ D, *(y, fy, fy)} forall x,y e X ,

since Dl*(X, Y, y): d(X, y); so that f is a K-contraction on (X, Dl*) Thus f is a K-contraction on the f-

orbitally complete D*-metric space (X , Dl*) and hence the conclusions of Corollary 3.2 hold for f; which are
the conclusions of the Kannan’s result.
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